A CHARACTERIZATION OF DIRAC MORPHISMS 



E. LOUBEAU AND R. SLOBODEANU 

Abstract. Relating the Dirac operators on the total space and 
on the base manifold of a horizontally conformal submersion, we 
characterize Dirac morphisms, i.e. maps which pull back (local) 
harmonic spinor fields onto (local) harmonic spinor fields. 



1. Introduction 

Introduced by Jacobi [Iff] in 1848, harmonic morphisms are maps 
which pull back local harmonic functions onto harmonic functions and, 
more recently, they were characterized by Fuglede [7] and Ishihara [10] 
as horizontally weakly conformal harmonic maps. Their dual nature of 
analytical and geometrical objects has led to a rich theory (cf. [5]) which 
has encouraged the study of various other morphisms, that is maps 
preserving germs of certain differential operators. The central role of 
the Dirac operator in differential geometry and mathematical physics 
called for this approach to be applied to harmonic spinors. Unlike pre- 
vious cases, the first hurdle is to make sense of a notion of pull-back of 
spinors by a map. This requires the identification of the spinor bun- 
dles involved, necessarily restricting our investigation to horizontally 
conformal maps between Riemannian manifolds and even-dimensional 
targets (cf. Section [2]). Combining a chain rule for the Dirac operator 
and a local existence lemma, we show that a horizontally conformal 
submersion between spin manifolds is a Dirac morphism if and only 
if its horizontal distribution is integrable and the mean curvature of 
the fibres is related to the dilation factor, in a manner reminiscent 
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of the fundamental equation for harmonic morphisms. We conclude 
with some simple examples between Euclidean spaces and explicit our 
results in the set-up of [13J, which inspired initially our construction. 

2. Pull-back of a spinor 

Let (M m ,g) be a spin Riemannian manifold, the two-sheeted cov- 
ering Spin(m) — > SO(m) induces a double cover \ : P Spin ( m )M — > 
Pso{m)M of the bundle of positively oriented orthonormal frames by the 
principal Spin(m)-bundle over M, such that x( s ' fl 1 ) — x( s ) ' p(fiO> ^ s £ 
Ps P m(m)M, g G Spin(m). The associated bundle C1(M) = Pso(m)Mx dm 
Cl m is the Clifford bundle, where Cl m is the Clifford algebra and cl m 
the representation of SO(m) into Aut(Cl(IR m )), and the spinor bun- 
dle is SM = Ps P in(m)M x 7 S m , with 7 the spinorial representation of 
Spin(m) on the Clifford module S m = C 2 ' m/21 (cf. [T2]). 

A spinor field is a (smooth) section of SM, : U C M — > SM, 
^/(x) = [s x ,ip(x)], where s x G Ps P m(m)M is a spinorial frame at x G M 
and if) : U — > S m , the equivalence class being defined by 

for all g G Spin(m). The covariant derivative is 

m 

s, dtfj(ej) + § T )k e k ■ ei ■ ip , 

k<l=l 

where xi s ) = { e ii ■■■, e m} is an orthonormal frame of TM, "■" is the 
Clifford multiplication and the symbols {T^-jj j^=i,.. .,m are defined by 
Ve.ej = Y%e k . 

The Dirac operator is the first-order differential operator defined by 
D M : T(SM) -> r(5M) 

m 

i=i 

The above constructions extend to any oriented Riemannian bundle 
and, as for orientation, given three vector bundles £', S" and £ = 
£' © £" over M, a choice of spin-structure on any two of them uniquely 
determines a spin structure on the third ([12]). 
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Definition 1. A smooth map n : (M m ,g) — > (N n ,h) between Rie- 
mannian manifolds is a horizontally conformal map if, at any point 
x G M, dir x maps the horizontal space 7i x = (ker dn x ) ± conformally 
onto T^mN, i.e. dir x is surjective and there exists a number \{x) ^ 
such that 

0*% = X 2 (x)g x 

The function A is the dilation of 7r and the orthogonal complement of 
Ti x is the vertical distribution V x = kerdir x . 

The mean curvatures of the distributions Ti and V are denoted n n and 
fi v and I H is the integr ability tensor of Ti. 

A frame {V a , Xf}^;-^' n of TM will be called adapted if V a G V, a = 
1, . . . , m— n and {^Q*}i=i,..., n is the horizontal lift by n of an orthonormal 
frame {A^}^^...^ on iV. 

Note that A = 1 corresponds to Riemannian submersions. 

We call the map ir : (M m ,gi) — > (N n ,h), where g 1 = ir*h + g v , the 

associated Riemannian submersion of ir : (M m ,g) — > (iV n , /i). 

For the remainder of the article, we will make the blanket assump- 
tion that the dimension n of the manifold N is even. Since a general 
submersion ir : (M m ,g) — > (N n ,h), between spin Riemannian mani- 
folds, splits the tangent bundle TM into Ti © V, if Ti admits a spin 
structure, so does V and 

(1) C1(M) = C1{H) ® C1(V). 

The spin structures Ps P m(n)'^ and -Pspin(m-n)V induce a spin structure 
Pspm(m)M by prolongation of the principal bundle Pspm(n)xs P m(m-n)M 
(cf. [9]). General properties of associated bundles of reduced principal 
bundles ([HI Theorem 3.1]) together with a dimension count yield the 
following isomorphisms of (associated) vector bundles 

(2) SM = SH&SV. 

For any map ir : M — > N into a spin manifold, consider the pull-back 
spinor bundle 

n^SN = {(x, [s, -0]) G M x SN \ w s ([s, ip]) = ir(x)}, 
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where ws is the projection map of SN. 

If 7r is a Riemannian submersion, then the isomorphism n~ l SN = STi, 
due to the identification of orthonormal frames, simplifies (J2]) into (cf. 

0) 

(3) SM = n^SN <g> SV. 

Remark 1. When n is a Riemannian submersion with totally geodesic 
fibres, TC complete and N connected then the fibres are isometric to a 
Riemannian manifold F. If N and F are spin manifolds, consider on 
M the induced spin structure and, via the isomorphism n~ 1 SN = STi, 
© reads (see rj3]) 

SM = tt^SN SF. 

Remark 2. Since n is even, the Clifford algebra Cl n possesses an ir- 
reducible complex module S n of complex dimension 2 ra//2 , the complex 
spinor module. When restricted to Cl° the spinor module decomposes 
into S n = iS>+ © <S~, the submodules of spinors of positive and negative 
chirality, characterized by the action of the volume element, once an 
orientation is given. In particular, the spin group Spin(n) C Cl° acts 
on iS+ and on S~ (the spinor representations). 

Moreover, S n+ i pulls back to S n under the algebra isomorphism Cl n = 
Cl° +1 . In other words, we can regard S n+ i as the spinor representation 
of Cl n , provided we define the action of Cl n on S n+ i by v <8> cr — > e ■ v ■ a. 

When 7r : (M n+1 ,g) — > (N n ,h) is a Riemannian submersion with 
one-dimensional fibres into a spin manifold N n , the manifold M n+l 
inherits a natural spin structure, cf [14] . Moreover, SM = n~ 1 SN. 

These identifications justify the following definition. 

Definition 2 (Riemannian submersions). Let ir : (M m ,g) — > (N n ,h) 
be a Riemannian submersion between spin manifolds and endow the 
vertical bundle with the induced spin structure (if m = n + 1, we 
consider on M the natural spin structure inherited from N). Let \I/ = 
[s, ip] be a (local) spinor field on N. Since a local spin frame s = 
{Xj}j = i v .. jn on iV lifts to an adapted spin frame on M 
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where X* is the horizontal lift of Xi and {Va}a=i,,..,m-n is an orthonor- 
mal frame of V, we define the pull-back ^ of *Sf to be 

• If m — 1 = n, the section ^ = [s, ip o 7r] of the bundle n^SN, 
identified with 5M. 

• If m—n > 2, the section \I/ = p, ^ = (-0o7t)®q;] in 7r SN&SV, 
identified with SM, where a is a fixed (non-zero) section of SV. 

Remark 3. When m — n > 2, this notion of pull-back depends on the 
choice of the section a. In general, there exists no such non-vanishing 
global section. 

Remark 4. Note that Clifford multiplication with this kind of spinor 
fields is given by 

X* ■ i) = X^/j; V 
when m — n + 1 , and by 

X*-((ipo'ir)®at) = ((X-^)o7r)<g>a; V ■ ((ipon) <g>a) = (^ovr) ® V-a, 

when m — n > 2, where X* is the horizontal lift of the vector field 
X G r(TiV), V is a unit vertical vector field and ip is the conjugate of 
ip with respect to the Z 2 -graduation (see [13]). 

Remark 5. For a horizontally conformal submersion re : (M m ,g) — ► 
(iV n , /i), we deform the metric on M into gi = Tc*h + g v and denote by 



where £(s) = {E { = \El,V a } if s = {El,V a }, the bundle isometry 
induced by the Spin-equivariant map 



given by the natural correspondence between adapted orthogonal frames 
with respect to the two metrics: E\ = A _1 i?j, = V a . 
The Clifford multiplication will be given by 



(cf. [12j) 



£ 7 : SM ± -»■ SM 



£ ' -Pspin(n)xz 2 Spin(m— n)M\ 




Ei ■ * = e 7 • *o 



k • * = e 7 (k • # i) 
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where ^ = £ 7 o ^j. 

Definition3 (Horizontally conformal submersions) . Let ir : (M m ,g) — > 
(N n ,h) be a horizontally conformal submersion between spin mani- 
folds and endow the vertical bundle with the induced spin structure. 
Let \I> = [s, "0] be a (local) spinor field on N. The pull-back of $ 
is ^ = £ 7 o where \&i is the pull-back of ^ by the associated 
Riemannian submersion n : (M m ,gi) — > (N n ,h) and £ 7 the bundle 
isometry between 5 Mi and 5M. 



3. DlRAC MORPHISMS WITH HIGH DIMENSIONAL FIBRES 

Throughout this section n has fibres of dimension at least two. 

Definition 4. A horizontally conformal submersion n : (M m ,g) — ► 
(N n ,h) between spin manifolds is called a Dirac morphism if there 
exists a section a G T(5V), V v -parallel in horizontal directions with 
D v a — |/x ■ a = 0, and if for any local harmonic spinor \1/ defined 
on U C TV, such that 7r _1 ([7) 7^ 0, the pull-back of \& (with respect 
to a) $ = ( 7 o vt^ is a harmonic spinor on 7r _1 ([7) C M, where ^1 is 
the pull-back (with respect to a) of \I> by the associated Riemannian 
submersion. 

Remark 6. We assume, in Definition HI the existence of the section 
a in order to construct pull-backs of spinors. Though these pull-backs 
will depend on the choice of a (if any), the two conditions on a will 
make the notion of Dirac morphism independent of the choice of such 
a section a. 

We first need some lemmas. 

Lemma 1 (Chain rule). Let n : (M m ,g) — > (N n ,h) be a horizontally 
conformal submersion of dilation X (m — n > 2) and ip a (local) spinor 
field on N. Ifty is the pull-back of^/ by it, with respect to some section 
a e T(SV), then 
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D M i) =\D N ifj -\[{m- n)fi v + (n - l)grad w (lnA)] • $ 

n 

(4) +J2Ei-^o 7 r)®V v Ei a+ 1 I I n ■ ^ 

i=i 

+ (^ott)® [D v a - § n H ■ a] , 

where {£ , j}i=i..., n is a local orthonormal horizontal frame on M and 
I n ■ -0 denotes Y17<j=i Ei ' Ej ' I H (Ei, Ej) ■ ip (the standard action of 
vector-valued 2-forms on spinor fields). 

Proof. Let n be a horizontally conformal submersion of dilation A. Let 
{-Xj}i=i,...,n be an orthonormal frame on (N,h) and {14, AT*}""^''"'^" - " 
an orthonormal adapted frame on (M, gi), where <7i = n*h + g v . With 
respect to the metric g, {V a , XX*}^~^"^~ n is an orthonormal adapted 
frame. Denote by V and V 1 the (spinorial) connections corresponding 
to g and gi, and note E\ = X*, Ei = XX*. 

As D M ^ = [s, D M ip}, for the pull-back spinor field 4> 



D M ip = Ei • Ve^ + V - ■ 

i=l a=l 

n 

= Y, E i- E M°*)®<x) (Ho) 

i=l 

n 

+ \ Yl Ei- g^EuE^Ek) Ej -E k -4> (H,) 

ij,k=l 
n,m— n 

+ \ Ei ■ g&EkEj, V a ) E 5 -Va-i; (H 2 ) 

i,j,a=l 
n,m—n 

+ \ Ei ■ g{V Ei V a , V b ) Va-Vb-ljj (H 3 ) 

i,a,b=l 
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a=l 
n,m—n 

+ i E V - ■ ai^v^ Ej) Et .E r $ (K) 

i,j,a=l 
n,m—n 

+ \Y, V -- 9(Vv a Ei, V b ) Ei-Vb-t (V 2 ) 



i,a,b=l 
m—n 



+ i E K- g(Vv a V b , V c ) V b -V c -ifj (V 3 ). 

a,b,c=l 



Note that 



(X* • X*(^ o tt) + g 1 (V 1 x *X* X* k )X* ■ X* ■ XI • o tt)) ® a 



where ^(V^X*, X fe *) = h^X^X*). 
The computation breaks down into five steps: 
Step 1: 

(5) 

n 

(if ) + (#i) + (#3) =XD^i - 2f±grad w (lnA) • ^ + ^ ^ • (</> o tt) ® V 

i=i 

As 

(#0) + (#1) = ^ ^ • tt) ® « + (V> o tt) ® 

i=i 

n 

+ | £ ^ 9iy El E 3l E k ) Ej -E k -$, 

i,j,k=l 

in order to recognize the lift of D N ip, first observe that 

g(V Et E J ,E k )=g(V xxt XX;,XX* k ) 

= Xg^X^Xl) + [Xl{\)8l - A7(AH fc ] . 
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Whilst 

E { ■ Ej ■ E k ■ i> = ^(El ■ E] ■ E\ • ^) 
= ^(X*-X*-X* k -ft), 

and 

Ei ■ Ei(ip o tt) <g> a = XEi ■ El(ip o n) <g> a 

= \^(X;-X:^on)®a). 

Hence 

i " 

i=l 

+ qt E K(A)5f - x;(A)5f] x* • x; • xi ■ ft J . 

The last term can be rewritten 

n 

\ [XkWti - X*(\)S*} x : ■ *j ■ X* k ■ ft = -^grad Wl (A) • ft, 

i,j,k=l 

and, since grad w (A) = A 2 grad Wl (A), it becomes 

-^i£ 7 (grad Wl (A) • ii 1 ) = -^Agrad^^A) • i> 

= -^grad w (lnA) 

Summing up with (H 3 ), we obtain §5§. 
Step 2: 

(6) (V 2 ) = // • f 
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As g(Vv a Ej, Vb) = —g(Ej,Vv a Vb) and V is integrable 

m—n 

(^) = 4^K-(W a H) w -VW 

(TTl — TL TYl — 71 

a<b=l a>b=l J a=l 

/ m—n \ 

= -5 E -^-=// v -^ 



Ka<b=l 
m—n ,,V 



Step 3: 

(7) (V ) + (V 3 ) = ^on)®D v a, 
since 

m—n m—n 

(V ) + (V 3 )=J2^°K)®V a -V a (a) + \ E K-5(Vy a H,K) V b -V c -$ 

a=l a,b,c=l 

Step 4: 

(8) (tf 2 ) = • % - If 1 ■ 
As for Step 2, we have 

n,m—n n 

{H 2 ) = \ E E i -g(V Ei E j ,V a )E r V a -$=\ E E t - E r ft^Ej) 

i,j,a=l i<j=l 

where the terms i — j give /i n . 
Step 5: 

(9) (Vx) = • A 
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since 

n,m—n 

(K) =\ E 9(^v a Ei, Ej)V a ■ Ei-E r $ 

i,j,a=l 

n,m—n 

= i E ^([^a, #i], - Q^EiEj, V a )] V a ■ Ei ■ Ej ■ ip 

i,j,a=l 
n,m—n 

= i E ^([K,^],^)K- Ei-Ey^-KHt). 

i,j,a=l 

But s([V a , = <?([K, AX*], AX*) = since [K,X*] £ V. 

Therefore 

m—n 

= - \ E v ^)v a ■ i - \{H 2 ) 

a=l 

= -fgrad v (lnA)-^-±(iJ 2 ) 

Summing up these five steps yields the chain rule. □ 

A generalization of jU Proposition 2.4] to vector-valued functions 
yields local existence of harmonic spinors with prescribed value. 

Lemma 2 (Local existence). For any point p £ M and ifio £ S P M , 
there exists an open neighbourhood U of p and a harmonic spinor if) : 
U — > SM such that ip{p) = ?/V 

Theorem 1 (Characterization for horizontally conformal submersions). 
Let it : (M, g) — > (N, h) be a horizontally conformal submersion be- 
tween spin manifolds and assume there exists a section a satisfying the 
conditions of Definition [7} 

Then n is a Dirac morphism if and only if its horizontal distribution 
is integrable and 

(10) (m - n)fi v + (n - l)grad w (lnA) = 0, 

where /i v is the mean curvature of the fibres. 
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Proof. Let n be a horizontally conformal submersion with integrable 
horizontal distribution and such that (jlQl) is satisfied. In this case, the 
Chain rule (j3J) simplifies to 

n 

D M i) = XD^j + J2 E * ■ (^ 07r ) ® + 7r ) ® [ DV ° _ f ' a ] • 

i=l 

Let "0 be a local harmonic spinor and a a section of r(<SV), V v -parallel 
in horizontal directions and with D v a — ^fi n ■ a = 0. From the above 
formula, it follows that D M ip = and therefore ir is a Dirac morphism. 

Conversely, suppose that n is a Dirac morphism. Then, by Defini- 
tion HI there exists a horizontally parallel section a G r(<SV) satisfying 
-D v a; — ^fi H ■ a = 0, and, for a harmonic spinor field if) on iV, we have, 
according to (BJ 

(11) = - \ [(m - n)/i v + (n - l)grad w (lnA)] • ^ 

n 

+ | £ x*.x;-(^o7r)®j w (x*,x;).a. 

i<j=l 

Putting X = (m - n)/i v + (n - l)grad w (lnA) and 1™ = I n (X*,X*), 
(|TT|) becomes 

n 

i<j=i 

As the value of if) at p G M can be prescribed, the above equation 
implies 

n 

v = -\x + \ x*-x*-v ij . 

i<j=l 

But since V 1 ^ is vertical, X and X* • X* • V 1 ^ have different degrees, 
necessarily X = and V rw " = 0. Therefore, if a horizontally conformal 
submersion is Dirac morphism, it must satisfy Equation fflOl) and have 
integrable horizontal distribution. □ 

Remark 7. (1) Note the analogy between Equation fflQj) and the 
fundamental equation for harmonic morphisms in [3]. 
(2) Compare Formula (BJ with (4.26)] and [El 1.1.1]. 
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(3) If the fibres are totally geodesic, the integrability of the hor- 
izontal distribution makes the section a "basic transversally 
harmonic" , as introduced in [8] . 

Corollary 1. A Riemannian submersion ir : (M m ,g) — > (N n ,h) be- 
tween spin manifolds is a Dirac morphism if and only if its fibres are 
minimal and its horizontal distribution is integrable. 

Recall that if n is a Riemannian submersion then [i n = 0. 

Remark 8. If the dilation function A is a projectable function (i.e. 
V(X) = 0), the conformal invariance of the Dirac operator ([12]) allows 
a correspondence between harmonic spinors of the spaces involved in 
the commutative diagram below. 

(M, X 2 7T*h + g v ) hi , (M,7r*h + g v ) 




(N,X 2 h) ^ »(N,h) 

4. Dirac morphisms with one-dimensional fibres 

In this section m — n + 1. 

Definition 5. A horizontally conformal submersion 7r : (M n+ , g) — > 
(N n ,h) between spin manifolds is called a Dirac morphism if for any 
local harmonic spinor \1/ defined on U C N, such that 7r _1 ([/) ^ 0, the 
pullback \1/ = £ 7 o is a harmonic spinor on 7r _1 ([7) C M, where 
is the pullback of $ by the associated Riemannian submersion. 

Lemma 3. (Chain rule). Let ir : (M n+1 ,g) — > (N n ,h) be a horizon- 
tally conformal submersion of dilation A and ip a (local) spinor field on 
N, then 
(12) 

D M i) =\DKp - - [f/ + (n - l)grad H (lnA) + upF] -^+h n -^. 
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Proof. Take {Xj}j = i r .. )n an orthonormal frame on (N n , h) and {V, E{ = 
AX*}j = i v .. jn an adapted frame on (M m ,g). Let ^ be a (local) spinor 
field on N and \1/ its pullback by ir. The proof is similar to the proof of 
Lemma 1, except that (H ) = Ei ■ Ei(ip o n), (Vq) = and the terms 
(H 3 ), (V3) do not appear. □ 

Note that fi n ■ ifj = z||/x w || 2 '0 as V ■ tp — iip. 

Theorem 2. A horizontally conformal submersion n : (M n+1 ,g) — ► 
(A^ n , h) between spin manifolds is a Dirac morphism if and only if its 
horizontal distribution is integrable and minimal, and 

fi v + (n - l)grad H (lnA) = 0, 

where fi v is the mean curvature of the fibres. 

Proof. The argument is similar to the one of Theorem 1, except that 

X = n v + (n - l)grad w (ln A) + n^ H . 

Observe that X = if and only if /j v + {n — l)grad^(lnA) = and 
fi n = 0, as they belong to orthogonal distributions. □ 

Corollary 2. A Riemannian submersion n : (M n+1 ,g) — > (N n ,h) 
between spin manifolds is a Dirac morphism if and only if its horizontal 
distribution is integrable and the fibres are minimal. 

Remark 9. Suppose that n is a Riemannian submersion. 

(1) The Chain Rule (|T2l) gives us the formula of [H] (where the 
fibres are minimal) 

1 ~ 1 " — 

(13) D M ^ = D N ty - - u v ■ * - -i > X* ■ A X *V ■ 

3=1 

where A denotes the second O'Neill tensor of n. 

(2) If 7r is a Dirac morphism, any pullback spinor field is parallel 
along the fibres and its metric Lie derivative (j6j) vanishes. 

Remark 10. When the fibres are circles, a similar chain rule was 
obtained by Ammann in [2]. 
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5. Examples 

Example 1 (Dirac morphisms from 3 to 2-dimensional Euclidean 
spaces) . With respect to the irreducible representation 7 of CI2 given by 
Pauli matrices, a spinor field on (R 2 , (, Standard) will be -0 : R 2 — > C 2 , 

the Dirac operator on 



■0 = ( ( _ ) , in a global spin frame (ei = e 2 = -^) on R 2 , and 



_9 

9z 




Consider a Riemannian submersion 7r : R 3 — >■ IR 2 , the pull-back of 
■ip, if) = if) o 7i : M. 3 — > C 2 is a spinor field on R 3 with respect to 
the frame {e*,e 2 ,v}, v G Ker d7r. Supposing Ti integrable, this spin 
adapted frame can be chosen to be {^-, and with the Pauli 

representation, the Dirac operator on R 3 is 

n R3 - j m — - ( l ~k ~& + 

\ dx2 dx\ 9x3 

Let if) be an arbitrary harmonic spinor on R 2 (so if) + a holomorphic 
function), then if) + is also harmonic if and only if 

diii d-n 2 diii dn 2 dni div 2 
dx\ dx 2 ' dx 2 dxi ' 8x3 dx^ 

The analogous question for if)~ involves a change of sign in the first two 
equalities (i.e. 7r must be anti-holomorphic with respect to x\ + ix 2 ). 

These conditions are exactly the harmonicity of tt, which is equivalent 
to the minimality of the fibres. 

Example 2 (Dirac morphisms from 4 to 2-dimensional Euclidean 
spaces). A spinor field on (R 4 , (,) standard) can be seen as a C 4 -valued 
function on R 4 once a global spin frame is chosen. Using Pauli matrices, 
the Dirac operator on R 4 can be described as 
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Let 7T : M 4 — > M 2 be a Riemannian submersion and ip '■ ^ 2 — * C 2 a 
spinor field on (IR 2 , (, ) standard) ■ Then the pull-back tj) of ip is (^ovr)®^ : 
IR 4 — > C 4 . With respect to {e*, e^, u, w}, v, w G Ker d7r, assuming 7i 
integrable and choosing a frame {gfj, gfj, 

The conditions of harmonicity and parallelism make a : IR 2 — > C 2 a 
harmonic spinor field with respect to the variables xo,£i (i.e. a + is 
holomorphic and a" anti-holomorphic). Take a harmonic spinor ip on 
IR 2 (i.e. "0 + is a holomorphic function), one can directly check that ifj + 
is harmonic, for any a, if and only if 7r satisfies 

dni dni <9"/T 2 dir 2 dni dir 2 diii 8it 2 

dx dx\ dx dx\ dx 2 dx 3 ' dx 3 dx 2 

The same question for ip~ merely introduces a different sign. Again, 
this forces ir to be harmonic, i.e. its fibres are minimal. 

Example 3 (Moroianu's projectable spinors). In [13], Moroianu con- 
siders a principal fibre bundle n : (M m ,g) — > A with compact struc- 
tural group G, over a compact spin manifold (iV n , h), such that 7r is a 
Riemannian submersion with totally geodesic fibres and the horizontal 
distribution TC is a principal connection. 

Since its tangent space is trivial, G admits a canonical spin structure, 
and a spinor (if) o 7r) £g> a is called projectable if a : G — > S m - n is a 
constant function with respect to the canonical frame of left-invariant 
vector fields. To have a D M -invariant notion of projectable spinor, it 
is necessary and sufficient to suppose G commutative ([13]) 
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Let X* be the horizontal lift of a vector field X on N and, using 
[V, X*} = for V G V, since Ti is a principal connection, we have 



6<c=l 
m—n 

=X* (a) + \ 9(V Vb X*, V c )V b -V c -a 

b<c=l 
m—n 



b<c=l 
m— n 

/ T^*; 1 T T r \ T T T 7" 

fe<c=l 

X*(a), 



since the fibres are totally geodesic. Therefore the condition of paral- 
lelism of a translates into constancy in horizontal directions. Moreover 



D v a = V a ■ W v v a 

m—n m—n 

= ^K-K(«) + i ^2 V a -g(V Va V b ,V c )V b -V c -a 

a=l a,b,c=l 
m—n m—n 

= ^K-K(a) + f Yl 9([V a ,V b ],V c )V a - V b -V c -a, 

a=l a<b<c=l 

where, on a Lie group, g([V, W), Z) = g(V, [W, Z]) if g is an invariant 
metric. Clearly, if a is a constant function and G is commutative (i.e. 
the structural constants vanish) then D v a = 0. 

Therefore a projectable spinor field is the pull-back of some spinor 
field on the base, with respect to a satisfying the two conditions re- 
quired for Dirac morphisms. Hence, Theorem [T] says that a principal 
bundle over a spin manifold with commutative structural group is a 
Dirac morphism if and only if it is flat. 
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